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6SDUVH *DXVVLDQ 3URFHVV (PXODWRUV
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'\QDPLFV 5HVHDUFK *URXS 'HSDUWPHQW RI 0HFKDQLFDO (QJLQHHULQJ 8QLYHUVLW\ RI 6KHIILHOG
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DSDJDUGQHU#VKHIILHOGDFXNEWURJHUV#VKHIILHOGDFXN FFORUG#VKHIILHOGDFXN
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.H\ZRUGV *DXVVLDQ 3URFHVV 6SDUVH *DXVVLDQ 3URFHVV .ULJLQJ (PXODWRU 6XUURJDWH 0RGHOOLQJ
$EVWUDFW (IILFLHQW VXUURJDWH PRGHOOLQJ RI FRPSXWHU PRGHOV KHUHLQ GHILQHG DV VLPXODWRUV EHFRPHV
RI LQFUHDVLQJ LPSRUWDQFH DV PRUH FRPSOH[ VLPXODWRUV DQG QRQGHWHUPLQLVWLF PHWKRGV VXFK DV 0RQWH
&DUOR VLPXODWLRQV DUH XWLOLVHG 7KLV LV HVSHFLDOO\ WUXH LQ ODUJH PXOWLGLPHQVLRQDO GHVLJQ VSDFHV ,Q
RUGHU IRU WKHVH WHFKQRORJLHV WR EH IHDVLEOH LQ DQ HDUO\ GHVLJQ VWDJH FRQWH[W WKH VXUURJDWH PRGHO RU
HPXODWRU PXVW FUHDWH DQ DFFXUDWH SUHGLFWLRQ RI WKH VLPXODWRU LQ WKH SURSRVHG GHVLJQ VSDFH *DXVVLDQ
3URFHVVHV *3V DUH D SRZHUIXO QRQSDUDPHWULF %D\HVLDQ DSSURDFK WKDW FDQ EH XVHG DV HPXODWRUV 7KH
SUREDELOLVWLF IUDPHZRUNPHDQV WKDW SUHGLFWLYH GLVWULEXWLRQV DUH LQIHUUHG SURYLGLQJ DQ XQGHUVWDQGLQJ RI
WKH XQFHUWDLQW\ LQWURGXFHG E\ UHSODFLQJ WKH VLPXODWRU ZLWK DQ HPXODWRU NQRZQ DV FRGH XQFHUWDLQW\ $Q
LVVXH ZLWK *3V LV WKDW WKH\ KDYH D FRPSXWDWLRQDO FRPSOH[LW\ RIO(N3) ZKHUHN LV WKH QXPEHU RI GDWD
SRLQWV ZKLFK FDQ EH UHGXFHG WRO(NM2) E\ XVLQJ YDULRXV VSDUVH DSSUR[LPDWLRQV FDOFXODWHG IURP D
VXEVHW RI LQGXFLQJ SRLQWV ZKHUHM LV WKH QXPEHU RI LQGXFLQJ SRLQWV 7KLV SDSHU H[SORUHV WKH XVH RI
VSDUVH *DXVVLDQ SURFHVV HPXODWRUV DV D FRPSXWDWLRQDOO\ HIILFLHQW PHWKRG IRU FUHDWLQJ VXUURJDWHPRGHOV
RI VWUXFWXUDO G\QDPLFV VLPXODWRUV 'LVFXVVLRQV RQ WKH SHUIRUPDQFH RI WKHVH PHWKRGV DUH SUHVHQWHG
DORQJ ZLWK FRPPHQWV UHJDUGLQJ NH\ DSSOLFDWLRQV WR WKH HDUO\ GHVLJQ VWDJH
,QWURGXFWLRQ
&RPSXWHU PRGHOV VLPXODWRUV DUH D YLWDO WRRO LQ H[SORULQJ HQJLQHHULQJ GHVLJQ RSWLRQV 2IWHQ GHVLJQ
HQJLQHHUV ZDQW WR LQYHVWLJDWH QXPHURXV GLIIHUHQW SDUDPHWHU FKRLFHV LQ RUGHU WR ILQG RSWLPDO VROXWLRQV
7KHVH GHVLJQ VSDFHV DUH RIWHQ ODUJH DQG PXOWLGLPHQVLRQDO PHDQLQJ WKDW HYDOXDWLRQ RI WKH VLPXODWRU
DW DOO SDUDPHWHU FRPELQDWLRQV RI LQWHUHVW LV LQIHDVLEOH ,Q RUGHU WR UHGXFH WKH FRPSXWDWLRQDO ORDG RI
UXQQLQJ QXPHURXV VLPXODWRU HYDOXDWLRQV DW DOO SDUDPHWHU FRPELQDWLRQV RI LQWHUHVW DQ HPXODWRU FDQ EH
XVHG $Q HPXODWRU LV D IDVW VXUURJDWH PRGHO RI WKH FRPSXWDWLRQDOO\ H[SHQVLYH VLPXODWRU WKDW DOORZV
DFFXUDWH LQWHUSRODWLRQ RI WKH GHVLJQ VSDFH ZKLOVW UHTXLULQJ PLQLPDO VLPXODWRU UXQV $ FRPPRQ DS
SURDFK IRU FRQVWUXFWLQJ DQ HPXODWRU LV WR ILW D *DXVVLDQ SURFHVV *3 UHJUHVVLRQ PRGHO WR VLPXODWRU
HYDOXDWLRQV DW D VPDOO QXPEHU RI SUHGHILQHG LQSXWV LQ RUGHU WR OHDUQ WKH VLPXODWRU¶V LQSXW WR RXWSXW
PDSSLQJ >@ 2SWLPLVDWLRQ WHFKQLTXHV DQG XQFHUWDLQW\ TXDQWLILFDWLRQ DSSURDFKHV RIWHQ LQYROYH PXO
WLSOH HYDOXDWLRQV RI WKH VLPXODWRU $Q HPXODWRU SURYLGHV VLJQLILFDQW FRPSXWDWLRQDO VDYLQJV LQ EHLQJ
DEOH WR LQWHUSRODWH DFURVV WKH GHVLJQ VSDFH ZLWK UHGXFHG FRPSXWDWLRQDO FRPSOH[LW\ $V D UHVXOW PRUH
FRPSOH[ FRPSXWHU PRGHOV RSWLPLVDWLRQ RU XQFHUWDLQW\ TXDQWLILFDWLRQ WHFKQLTXHV EHFRPH SUDFWLFDEOH
$Q DGGLWLRQDO VWUHQJWK RI WKLV DSSURDFK LV WKH VWDWLVWLFDO IUDPHZRUN RI D *3 HPXODWRU ZKLFK SUR
YLGHV DQ DVVHVVPHQW RI FRGH XQFHUWDLQW\ >@ ² XQFHUWDLQW\ LQWURGXFHG E\ DSSUR[LPDWLQJ WKH VLPXODWRU
ZLWK DQ HPXODWRU 7KH FRGH XQFHUWDLQW\ FDQ DOVR EH LQFOXGHG ZLWKLQ DQ RSWLPLVDWLRQ VHWWLQJ E\ XVLQJ
D %D\HVLDQ RSWLPLVDWLRQ DSSURDFK > @ RU LQ D FDOLEUDWLRQ VHWWLQJ ZLWK PHWKRGV VXFK DV %D\HVLDQ
KLVWRU\ PDWFKLQJ > @ 7KH LQFOXVLRQ RI FRGH XQFHUWDLQW\ PHDQV WKDW SDUWV RI WKH LQSXW VSDFH DUH QRW
H[FOXGHG RU PLVUHSUHVHQWHG ZKHQ WKH HPXODWRU LV XQFHUWDLQ DERXW WKH SUHGLFWLRQ RI WKH VLPXODWRU
*3V DUH D SRSXODU PHWKRG IRU QRQSDUDPHWULF QRQOLQHDU %D\HVLDQ UHJUHVVLRQ > @ $Q LVVXH
ZLWK *3 UHJUHVVLRQ LV WKDW WUDLQLQJ FRVWV O(N3) IRU N REVHUYDWLRQV ZLWK SUHGLFWLRQ RI WKH PHDQ
$SSOLHG0HFKDQLFVDQG0DWHULDOV 6XEPLWWHG ,6619ROSS 5HYLVHG GRLZZZVFLHQWLILFQHW$00 $FFHSWHG 7UDQV7HFK3XEOLFDWLRQV6ZLW]HUODQG 2QOLQH 
7KLVLVDQRSHQDFFHVVDUWLFOHXQGHUWKH&&%<OLFHQVHKWWSVFUHDWLYHFRPPRQVRUJOLFHQVHVE\
DQG YDULDQFH FRVWLQJ ERWKO(N) DQGO(N2) UHVSHFWLYHO\ >±@ $OWKRXJK VXEVWDQWLDOO\ PRUH FRP
SXWDWLRQDOO\ HIILFLHQW WKDQ UXQQLQJ D VLPXODWRU WKLV WLPH FRPSOH[LW\ FDQ PDNH *3V FRPSXWDWLRQDOO\
GHPDQGLQJ LQ FLUFXPVWDQFHV ZKHUHN LV VLJQLILFDQWO\ ODUJH 7R UHGXFH WKH FRPSXWDWLRQDO ORDG VSDUVH
DSSUR[LPDWLRQV RI WKH IXOO *3 KDYH EHHQ GHYHORSHG RYHU UHFHQW \HDUV WKHVH KDYH EHHQ FRQVWUXFWHG
IURP D UHJUHVVLRQ VWDQGSRLQW >±@ 7KHVH VSDUVH DSSUR[LPDWLRQV UHGXFH WKH FRPSXWDWLRQDO FRP
SOH[LW\ RI WUDLQLQJ WRO(NM2) >±@ ZKHUHM ≪ N DQGM LV D VPDOOHU QXPEHU RI LQGXFLQJ SRLQWV
² D VHW RI SVHXGRLQSXWV DQG WKHLU ODWHQW IXQFWLRQ HYDOXDWLRQV WKDW DUH LQGHSHQGHQW IURP WKH WUDLQLQJ
GDWD 7KLV SDSHU SUHVHQWV WKH DSSOLFDWLRQ RI VWDWHRIWKHDUW VSDUVH *3 DSSUR[LPDWLRQV LQ WKH FRQWH[W
RI FUHDWLQJ HPXODWRUV RI FRPSOH[ FRPSXWHU PRGHOV DQG GLVFXVVHV ERWK PRGHO DQG SRVWHULRU EDVHG DS
SUR[LPDWLRQV DQG FRQVLGHUDWLRQV IRU HPXODWLRQ 7KH SDSHU RXWOLQH LV DV IROORZV DQ RYHUYLHZ RI *3
UHJUHVVLRQ LV SUHVHQWHG LQ WKH IROORZLQJ VHFWLRQ VSDUVH *3 DSSUR[LPDWLRQV DUH RXWOLQHG ZLWK GLVFXV
VLRQ RQ PRGHO DQG SRVWHULRU DSSUR[LPDWLRQV DV ZHOO DV LPSOLFDWLRQV IRU HPXODWLRQ /DVWO\ FRQFOXVLRQV
DUH SUHVHQWHG KLJKOLJKWLQJ DUHDV RI IXUWKHU UHVHDUFK
*DXVVLDQ 3URFHVV 5HJUHVVLRQ
$ VLPXODWRU FDQ EH UHSUHVHQWHG E\ DQ XQGHUO\LQJ IXQFWLRQDO PDSSLQJ f EHWZHHQ D VHW RI LQSXWV X
DQG WKHLU FRUUHVSRQGLQJ RXWSXWV Y = f(X) ,W PD\ EH SRVVLEOH WR UXQ WKH VLPXODWRU DW DQ\ DUELWUDU\
VHW RI LQSXWV KRZHYHU WR HYDOXDWH DOO WKH FRPELQDWLRQV RI LQWHUHVW LV DVVXPHG WR EH FRPSXWDWLRQDOO\
H[SHQVLYH IRU WKLV UHDVRQ RQO\ D ILQLWH VHW RI N VLPXODWRU UXQV DUH RIWHQ DYDLODEOH 7KH REMHFWLYH RI
FUHDWLQJ DQ HPXODWRU LV WR UHSURGXFH WKH IXQFWLRQDO PDSSLQJ YLD UHJUHVVLRQ VR WKDW SUHGLFWLRQV RI WKH
RXWSXWV FDQ EH PDGH JLYHQ QHZ LQSXWV (YHQ WKRXJK LQ WKLV SDSHU LW LV DVVXPHG WKDW WKH VLPXODWRU LV
GHWHUPLQLVWLF D SUREDELOLVWLF DSSURDFK LV XVHIXO DV WKH SUHGLFWLYH GLVWULEXWLRQV TXDQWLI\ WKH XQFHUWDLQW\
DVVRFLDWHG ZLWK WKH SUHGLFWLRQ NQRZQ DV FRGH XQFHUWDLQW\ >@ $ SUREDELOLVWLF IUDPHZRUN PHDQV WKDW
WKH PDSSLQJ EHWZHHQ D VHW RIN LQSXWVX = {xn}Nn=1 RI GLPHQVLRQD DQG WKHLU FRUUHVSRQGLQJ RXWSXWV
y = {yn}
N
n=1 LV PRGHOOHG DV p (y |f , X, θ) ZKHUH θ LV D VPDOO VHW RI K\SHUSDUDPHWHUV )RU D *3HPXODWRU WKH ODWHQW IXQFWLRQ f LV PRGHOOHG ZLWK D *3 SULRU DQG WKH VLPXODWRU RXWSXWV IRU GLIIHUHQW
LQSXWV DUH PRGHOOHG DV MRLQWO\ *DXVVLDQ GLVWULEXWHG 7KH *3 SULRU LV IRUPXODWHG DV SUHVHQWHG LQ (T 
p (f |X,θ) ∼ N (m, K) 
:KHUH m LV D PHDQ IXQFWLRQ RI WKH IRUP h′(x)β ZKHUH h′(x) LV D GHVLJQ PDWUL[ DQG β WKH FRU
UHVSRQGLQJ K\SHUSDUDPHWHUV 7KH FRYDULDQFH PDWUL[ K GHILQHV WKH SULRU DVVXPSWLRQ RI WKH IXQFWLRQV
VPRRWKQHVV DQG LV IRUPHG IURP WKH FRYDULDQFH IXQFWLRQ ZKHUH Kij = k(xi, xj) ZKLFK LV GHSHQGHQW
RQ WKH K\SHUSDUDPHWHUV θk = {σ2f , ψ} σ2f LV FDOOHG WKH VLJQDO YDULDQFH DQG ψ DUH VRPH SDUDPHWHUV WKDWDUH GHSHQGHQW RQ WKH FKRLFH RI FRYDULDQFH IXQFWLRQ 7KH FRYDULDQFH IXQFWLRQ GHVFULEHV WKH FRUUHOD
WLRQ EHWZHHQ DQ\ WZR SRLQWV LQ WKH LQSXW VSDFH YLD D UHSURGXFLQJ NHUQHO +LOEHUW VSDFH $Q H[DPSOH
FRYDULDQFH IXQFWLRQ LV WKH VTXDUHG H[SRQHQWLDO GHILQHG LQ (TQ 
K = σ2f H[S
(
(−X −X ′)ψ (X −X ′)
T
)

$ *3 GHSHQGV RQ D VPDOO QXPEHU RI K\SHUSDUDPHWHUV FROOHFWLYHO\ GHILQHG DV θ = {β,θk} 7KH
MRLQW SULRU EHWZHHQ WKH ODWHQW IXQFWLRQ YDOXHV IRU WUDLQLQJ f DQG WHVWLQJ f ∗ DW WUDLQLQJ DQG WHVWLQJLQSXWVX DQGX∗ UHVSHFWLYHO\ FDQ EH IRUPHG DV LQ (TQ  WKLV XVHV WKH GHILQLWLRQ WKDW D *3 LV FROOHFWLRQ
RI UDQGRP YDULDEOHV ZKHUH D ILQLWH VHW KDV D MRLQW *DXVVLDQ GLVWULEXWLRQ 
)RU FRPSDFWQHVVma LV WKH PHDQ IXQFWLRQ UHODWLQJ WR WKH ODWHQW IXQFWLRQ a DQGKa,b LV WKH FRYDULDQFH PDWUL[ EHWZHHQ
WKH ODWHQW IXQFWLRQV a DQG b HJ Kf,∗ LV WKH FRYDULDQFH EHWZHHQ WKH WUDLQLQJ DQG WHVWLQJ ODWHQW IXQFWLRQV
$SSOLHG0HFKDQLFVDQG0DWHULDOV9RO 
[
f
f ∗
]
∼ N
([
mf
m∗
]
,
[
Kf,f Kf,∗
K∗,f K∗,∗
])

7KH OLNHOLKRRG IRU WKH *3 HPXODWRU LV W\SLFDOO\ PRGHOOHG DV *DXVVLDQ KRZHYHU WKH YDULDQFH WHUP
RI WKH OLNHOLKRRG LV GHEDWHG ,W LV FRPPRQ IRU D *3 HPXODWRU WR DVVXPH WKDW WKH REVHUYDWLRQV DUH µQRLVH
IUHH¶ LH UHSHDWV DW WKH VDPH VHW RI LQSXWV ZLOO DOZD\V UHVXOW LQ WKH VDPH RXWSXW ² IRU D GHWHUPLQLVWLF
VLPXODWRU (YHQ VR GXH WR QXPHULFDO LQVWDELOLWLHV LQ LQYHUWLQJ WKH FRYDULDQFH PDWUL[ *3 UHJUHVVLRQ
EHFRPHV LPSUDFWLFDO XQOHVV D QXJJHW WHUP LV DGGHG XVXDOO\ D IL[HG VPDOO QXPEHU WR WKH GLDJRQDO RI
WKH FRYDULDQFH PDWUL[ 7KLV FDQ EH VHHQ DV HTXLYDOHQW WR DVVXPLQJ D VPDOO OHYHO RI *DXVVLDQ ZKLWH
QRLVH RQ WKH REVHUYDWLRQ DV DVVXPHG LQ PDQ\ RWKHU ILHOGV VXFK DV NULJLQJ DQG JHQHUDO UHJUHVVLRQ
> @ ZKHUH WKH OLNHOLKRRG LV IRUPHG DV p (y |f) = N (f , σ2nI) ZKHUH σ2n LV WKH YDULDQFH DVVRFLDWHGZLWK WKH QRLVH 7KH LQFOXVLRQ RI WKH QXJJHW LV NQRZQ WR VRPHWLPHV OHDG WR LQIHUHQFH RI WKH ODWHQW
IXQFWLRQ f WKDW VPRRWKV WKURXJK GDWD SRLQWV ZLWK D YDULDQFH UDWKHU WKDQ ILWWLQJ NQRZQ LQSXW RXWSXW
SDLUV H[DFWO\ $QGULDQDNLV DQG &KDOOHQRU SURSRVHG D SHQDOW\ WR WKH PDUJLQDO OLNHOLKRRG LQ RUGHU WR
IRUFH D *3 HPXODWRU ZLWK D QXJJHW WHUP WR ILWWLQJ NQRZQ GDWD SRLQWV H[DFWO\ >@ ,Q WKLV SDSHU D
QXJJHW WHUP ZLOO EH LQFOXGHG DQG DVVXPHG WR WDNH D YHU\ VPDOO YDOXH 7KH UHVXOWLQJ OLNHOLKRRG LV RI
WKH IRUP p (y |f) = N (f , νI) ZKHUH ν LV WKH QXJJHW WHUP
,Q RUGHU WR SHUIRUP LQIHUHQFH WKH MRLQW SULRU LV FRPELQHG ZLWK WKH OLNHOLKRRG WR IRUP WKH MRLQW
SRVWHULRU p (f ,f ∗ |y,θ) XVLQJ %D\HV UXOH WKH LQSXWV DUH GURSSHG IRU VLPSOLFLW\ RI QRWDWLRQ 7KHODWHQW WUDLQLQJ IXQFWLRQ f FDQ WKHQ EH PDUJLQDOLVHG RXW IRUP WKH SRVWHULRU VKRZQ LQ (TQ  WKLV LV
SRVVLEOH LQ FORVHG IRUP GXH WR WKH *DXVVLDQ DVVXPSWLRQV
p (f ∗ |y,θ) = N
(
m∗ +K∗,f (Kf,f + νI)
−1(y −m), K∗,∗ −K∗,f (Kf,f + νI)
−1Kf,∗
) 
$ IXOO\ %D\HVLDQ DQDO\VLV ZRXOG WKHQ UHTXLUH PDUJLQDOLVLQJ RXW WKH K\SHUSDUDPHWHUV θ WKLV LV
SRVVLEOH IRU β DQG WKH VLJQDO YDULDQFH σ2f >@ EXW LV LQWUDFWDEOH IRU WKH SDUDPHWHUV ψ ,I DQ 0&0&VROXWLRQ WR WKH K\SHUSDUDPHWHUV LV XVHG WKHQ WKLV PDUJLQDOLVDWLRQ SURYLGHV YDOXDEOH FRPSXWDWLRQDO
VDYLQJV 2Q WKH RWKHU KDQG LI D PD[LPXP OLNHOLKRRG DSSURDFK LV XVHG WKH FRPSXWDWLRQDO VDYLQJV RI
WKH PDUJLQDOLVDWLRQ DUH PLQLPDO DV WKLV EHFRPHV WKH RSWLPLVDWLRQ RI D VPDOO QXPEHU RI SDUDPHWHUV
,Q WKLV SDSHU D PD[LPXP OLNHOLKRRG DSSURDFK LV XVHG GXH WR LW EHLQJ D IDVW DQG HIILFLHQW IRUP RI
LQIHUHQFH ZLWK WKH RQO\ QHJDWLYH EHLQJ WKDW WKH SRVWHULRU YDULDQFH RI WKH *3 LV VOLJKWO\ XQGHUHVWLPDWHG
,QIHUHQFH RI WKH K\SHUSDUDPHWHUV XVLQJ D PD[LPXP OLNHOLKRRG DSSURDFK UHTXLUHV IRUPLQJ WKH PDUJLQDO
OLNHOLKRRG WKH LQWHJUDO RI WKH SULRU PXOWLSOLHG E\ WKH OLNHOLKRRG WKH ORJ IRUP RI ZKLFK LV VKRZQ LQ
(TQ 
ORJ p (y |X,θ) = −1
2
ORJ |Kf,f + νI| − 1
2
(y −mf )
T (Kf,f + νI)
−1 (y −mf )−
N
2
ORJ 2pi 
7KH SUREOHP ZLWK (TQ  DQG (TQ  LV WKHLU GHSHQGHQFH RQ LQYHUWLQJ DQ N ×N PDWUL[ UHTXLULQJ
O(N3) RSHUDWLRQV >±@ ,I D FRPSXWDWLRQDOO\ HIILFLHQW DOJRULWKP LV XVHG WKH SUHGLFWLRQ FRPSOH[
LW\ RI (TQ  LV RQO\ O(N) ZLWK WKH YDULDQFH EHLQJ O(N2) ,Q RUGHU WR LPSURYH WKLV FRPSXWDWLRQDO
FRPSOH[LW\ VSDUVH DSSUR[LPDWLRQV DUH LPSOHPHQWHG 7KLV SDSHU ZLOO DVVXPH D ]HUR PHDQ IXQFWLRQ LQ
RUGHU WR VLPSOLI\ QRWDWLRQ KRZHYHU LW LV WULYLDO WR LQFOXGH D PHDQ IXQFWLRQ ,Q NHHSLQJ ZLWK WKH EUHYLW\
RI WKLV SDSHU WKH UHDGHU LV UHIHUUHG WR >  @ IRU PRUH PDWKHPDWLFDO GHILQLWLRQV DQG H[SODQDWLRQV RI
*3V
 8QFHUWDLQW\LQ0HFKDQLFDO(QJLQHHULQJ,,,
6SDUVH *3 $SSUR[LPDWLRQV
6SDUVH *3 DSSUR[LPDWLRQV VHHN WR UHGXFH WKH FRPSXWDWLRQDO ORDG LQYROYHG LQ LQYHUWLQJ Kf,f  7KH
VLPSOHVW DQG PRVW QDLYH DSSURDFK LV WR VHOHFW D VXEVHW RI GDWD 6R' RI VL]H Q IURP WKH IXOO WUDLQLQJ
GDWD VHW RI VL]H N ZKHUH Q ≪ N  LQ RUGHU WR VFDOH GRZQ WKH WLPH FRPSOH[LW\ WR O(Q3) >@ 7KH
SUREOHP LV GLIILFXOW DV LW UHOLHV RQ D NQRZQ UHGXQGDQF\ ZLWKLQ WKH RULJLQDO GDWD VHW ZKLFK LV RIWHQ QRW
WKH FDVH ² HVSHFLDOO\ LQ H[SHQVLYH HYDOXDWLRQV RI D VLPXODWRU 7KLV ORVV RI LQIRUPDWLRQ LV JHQHUDOO\
XQDFFHSWDEOH LQ DQ HPXODWLRQ FRQWH[W DV DQ\ VLPXODWRU UXQV DUH H[SHFWHG WR KDYH FRPH DW D ODUJH
FRPSXWDWLRQDO FRVW $Q DOWHUQDWLYH WR 6R' LV WKH ORFDO *3 DSSURDFK >@ $ VLPSOH LPSOHPHQWDWLRQ RI
ORFDO *3V LV WR GLYLGH D GDWD VHW LQWR HTXDO EORFN VL]HV RI VL]H B DQG ILW D *3 WR HDFK EORFN UHGXFLQJ
WKH FRPSXWDWLRQDO FRPSOH[LW\ WR O(NB2) $Q LVVXH ZLWK WKH WHFKQLTXH LV WKDW GLVFRQWLQXLWLHV ZLOO
RFFXU EHWZHHQ HDFK GDWD EORFN WKLV LV RIWHQ XQDFFHSWDEOH LQ HPXODWRUV GXH WR WKHLU SULPDU\ XVH LQ
RSWLPLVDWLRQ RU FDOLEUDWLRQ $ OHVV QDLYH LPSOHPHQWDWLRQ RI WKH ORFDO *3 DSSURDFK LV WR XVH D FOXVWHULQJ
DOJRULWKP WR FDWHJRULVH WKH GDWD LQWR YDULRXV VXEVHWV DQG ILW *3 PRGHOV WR HDFK VXEVHW RI GDWD $V D
FRQVHTXHQFH WKH FRPSXWDWLRQDO FRPSOH[LW\ RI WKH PHWKRG ZLOO QRW RQO\ EH GRPLQDWHG E\ WKH ODUJHVW
VXEVHW EXW ZLOO DOVR LQFXU WKH DGGLWLRQDO FRVW RI WKH FOXVWHULQJ DOJRULWKP %RWK 6R' DQG ORFDO *3
DSSURDFKHV DUH WKHUHIRUH QRW LGHDO IRU DQ HPXODWRU VHWWLQJ
7KLV SDSHU H[SORUHV WZR NH\ LGHDV LQ WKH JHQHUDWLRQ RI VSDUVH *3 DSSUR[LPDWLRQV DSSUR[LPDWLQJ
WKH PRGHO RU WKH SRVWHULRU 7KH WHFKQLTXHV XVH LQGXFLQJ LQSXWV >@ RULJLQDOO\ UHIHUUHG WR DV µSVHXGR
LQSXWV¶ >@ Z = {zm}Mn=1 WKDW KDYH D ODWHQW IXQFWLRQ RXWSXW u NQRZQ DV LQGXFLQJ YDULDEOHV LQ RUGHUWR SURGXFH VSDUVLW\
0RGHO $SSUR[LPDWLRQ $SSURDFKHV 4XLxRQHUR&DQGHOD DQG 5DVPXVVHQ SUHVHQW D XQLILHG IUDPH
ZRUN IRU PRGHO DSSUR[LPDWLRQV >@ 7KHVH DSSURDFKHV VHHN WR PRGLI\ WKH MRLQW SULRU p (f∗,f) RI
WKH *3 (TQ  LQ RUGHU WR UHSODFH WKH FRPSOH[LW\ RI LQYHUWLQJ Kf,f ZLWK D OHVV H[SHQVLYH LQYHUVLRQ
7KLV LV SHUIRUPHG E\ LQFRUSRUDWLQJ LQGXFLQJ SRLQWV {Z,u} ZKHUH Z DUH D VHW RI LQGXFLQJ LQSXWV DQG
u DUH WKH FRUUHVSRQGLQJ ODWHQW IXQFWLRQ HYDOXDWLRQV LQWR WKH MRLQW SULRU p (f∗,f ,u) DQG PDUJLQDOLV
LQJ WKH LQGXFLQJ YDULDEOHV u RXW RI WKH SRVWHULRU DOWKRXJK Z ZLOO DIIHFW WKH ILQDO VROXWLRQ 7KH NH\
DVVXPSWLRQ IRU WKHVH VSDUVH PHWKRGV LV WKDW WKH MRLQW SULRU FDQ EH DSSUR[LPDWHG E\ DVVXPLQJ FRQGL
WLRQDO LQGHSHQGHQFH EHWZHHQ f ∗ DQG f JLYHQ u 7KLV PHDQV WKDW f∗ DQG f DUH RQO\ OLQNHG WKURXJK uGHPRQVWUDWHG LQ (TQ 
p (f∗,f) ≃ q (f∗,f) =
∫
p (f∗ |u)q (f |u)p (u)du 
:KHUH p (u) = N (0, Ku,u) LV WKH SULRU IRU WKH ODWHQW YDULDEOHVu DQG WKH WHVW FRQGLWLRQDO p (f∗ |u)
LV GHILQHG LQ (TQ 
p (f∗ |u) = N
(
K∗,uK
−1
u,uu, K∗,∗ −Q∗,∗
) 
,W LV QRWHG WKDW WKH QRWDWLRQQa,b = Ka,uK−1u,uKu,b LV XVHG LQ WKLV SDSHU 7KH WZR PRGHO DSSUR[LPDWLRQ PHWKRGV GHWDLOHG LQ WKLV SDSHU GLIIHU LQ WKHLU DVVXPSWLRQ DERXW WKH WUDLQLQJ FRQGLWLRQDO q (f |u)
ZKLOVW DVVXPLQJ WKH VDPH SULRU IRU WKH LQGXFLQJ YDULDEOHV DQG OLNHOLKRRG
7KH DVVXPSWLRQV IRU WKH WUDLQLQJ FRQGLWLRQDO q (f |u) DQG WKH PDUJLQDOLVHG MRLQW SULRU p (f∗,f)
IRU ERWK D GHWHUPLQLVWLF WUDLQLQJ FRQGLWLRQDO '7& DQG IXOO\ LQGHSHQGHQW WUDLQLQJ FRQGLWLRQDO ),7&
DSSUR[LPDWLRQ DUH VKRZQ LQ 7DEOH  7KH PDLQ GLIIHUHQFH EHWZHHQ '7& DQG ),7& LV FOHDU LQ WKH
MRLQW SULRU SUHVHQWHG LQ 7DEOH  7KH WRS OHIW FRUQHU RI WKH FRYDULDQFH LV PRGLILHG LQ ),7& VR WKDW WKH
,W LV FRPPRQ IRU D QXJJHW ϵI WR EH LQFRUSRUDWHG KHUH >@ IRU WKH VDPH UHDVRQV DV RXWOLQH IRU HPXODWRUV SUHYLRXVO\
LH LQFUHDVHV WKH VWDELOLW\ RI WKH LQYHUVLRQ RI WKH FRYDULDQFH PDWUL[ $ QXJJHW LV XVHG LQ WKLV SDSHU PHDQLQJ
p (u) = N (0,Ku,u + ϵI)
$SSOLHG0HFKDQLFVDQG0DWHULDOV9RO 
DSSUR[LPDWLRQ LQFOXGHV WKH H[DFW FRYDULDQFH RQ WKH GLDJRQDO 7KLV WUDQVIRUPV WKH WUDLQLQJ FRQGLWLRQDO
IURP GHWHUPLQLVWLF WR IXOO\ LQGHSHQGHQW
7KH SRVWHULRUV q (f ∗ |y,θ) DQG ORJ PDUJLQDO OLNHOLKRRGV p (y |X) IRU WKH '7& DQG ),7& DSSUR[LPDWLRQV FDQ EH XQLILHG LQWR WKH DQDO\WLFDO IRUP RXWOLQHG LQ (TQ  DQG (TQ  >@
q (f ∗ |y,θ) = N
(
Q∗,fK¯
−1
f,fy, K∗,∗ −Q∗,fK¯
−1
f,fQf,∗
) 
7DEOH  '7& DQG ),7& DVVXPSWLRQV IRU WKH WUDLQLQJ FRQGLWLRQDO q (f |u) DQG WKH MRLQW SULRU p (f∗,f)
ZKHUH GLDJ [A] UHIHUV WR WKH GLDJRQDO RI PDWUL[ A 7KH MRLQW SULRU p (f ,f∗) LV FDOFXODWHG E\ VXEVWL
WXWLQJ WKH WUDLQLQJ FRQGLWLRQ q (f |u) LQWR (TQ  DQG VROYLQJ WKH LQWHJUDO ZKLFK FDQ EH GRQH LQ FORVHG
IRUP
0HWKRG 7UDLQLQJ &RQGLWLRQDO q (f |u) -RLQW 3ULRU p (f∗,f)
'7& N (Kf,uK−1u,uu, 0) N
(
0,
[
Qf,f Qf,∗
Q∗,f K∗,∗
])
),7& N (Kf,uK−1u,uu, GLDJ [Kf,f −Qf,f ]) N
(
0,
[
Qf,f − GLDJ [Qf,f −Kf,f ] Qf,∗
Q∗,f K∗,∗
])
ORJ p (y |X) = −1
2
ORJ |K¯f,f | − 1
2
yT K¯−1f,fy −
N
2
ORJ 2pi 
:KHUH K¯f,f = Qf,f + GLDJ [α(Kf,f −Qf,f )] + νI  7KH PDUJLQDO OLNHOLKRRG DQG SRVWHULRU RI WKH
WZR PHWKRGV FDQ EH IRUPXODWHG E\ VHWWLQJ α WR ]HUR RU RQH IRU WKH '7& DQG ),7& DSSUR[LPDWLRQV
)LJ  3UHGLFWLRQV IURP D VSDUVH '7& *3 ZLWK  LQGXFLQJ SRLQWV DJDLQVW D IXOO *3 DQG WUDLQLQJ
VLPXODWRU GDWD IRU D QXPHULFDO H[DPSOH 6KDGHG UHJLRQV LQGLFDWH ±3σ FRQILGHQFH OHYHOV
 8QFHUWDLQW\LQ0HFKDQLFDO(QJLQHHULQJ,,,
UHVSHFWLYHO\ $IWHU VHWWLQJ α WKH ORZ UDQN VWUXFWXUH RI K¯f,f VKRXOG EH H[SORLWHG XVLQJ WKH :RRGEXU\
LQYHUVLRQ DQG GHWHUPLQDQW OHPPDV LQ RUGHU WR LPSURYH WKH FRPSXWDWLRQDO HIILFLHQF\ 7KHVH DPHQG
PHQWV UHGXFH WKH FRPSXWDWLRQDO FRPSOH[LW\ IRU WUDLQLQJ WRO(NM2) DQG IRU SUHGLFWLRQ WRO(M) DQG
O(M2) IRU WKH PHDQ DQG YDULDQFH UHVSHFWLYHO\ >±@
7KH TXHVWLRQ UHPDLQV RI KRZ WR VHW WKH LQGXFLQJ LQSXWV 2QH DSSURDFK LV WR FRQVLGHU WKH LQGXFLQJ
LQSXWV DV D VXEVHW RI WKH LQSXW GDWD 7KLV SRVHV FKDOOHQJHV ZKHQ JOREDO SUHGLFWLRQ TXDOLW\ LV UHTXLUHG
DV WKH VHOHFWLRQ RI LQGXFLQJ LQSXWV IURP D GLVFUHWH VHW RI GDWD ZLOO LQYROYH VRPH IRUP RI JUHHG\ RU
FRPELQDWRULDO RSWLPLVDWLRQ ,Q FRQWUDVW WKH LQGXFLQJ LQSXWV FDQ EH FRQVLGHUHG WR EH GUDZQ IURP DQ\
SRLQW RQ WKH UHDO OLQH OHDGLQJ WR D FRQWLQXRXV RSWLPLVDWLRQ SUREOHP >@ 7KLV DOORZV WKH LQGXFLQJ
LQSXWV WR EH LQIHUUHG YLD RSWLPLVDWLRQ RI WKH ORJ PDUJLQDO OLNHOLKRRG :KHQ WKH LQGXFLQJ LQSXWV DUH
HTXDO WR WKH WUDLQLQJ LQSXWV WKH PDUJLQDO OLNHOLKRRG DQG WKH SRVWHULRU DUH WKH VDPH DV WKH IXOO *3
IRU ERWK '7& DQG ),7& $ NH\ GUDZEDFN RI PRGHO DSSUR[LPDWLRQ PHWKRGV DUH WKDW RSWLPLVLQJ YLD
WKH DSSUR[LPDWH PDUJLQDO OLNHOLKRRG PHDQV WUHDWLQJ WKH LQGXFLQJ LQSXWV DV SDUDPHWHUV RI WKH PRGHO
DGGLQJ DOO WKH SUREOHPV RI RYHUILWWLQJ DQG RSWLPLVDWLRQ WKDW DUH HYLGHQW LQ SDUDPHWULF PRGHOV >@
7KLV YLHZ RI WKH LQGXFLQJ SRLQWV PHDQV WKH DVVXPSWLRQV DERXW WKH GDWD DQG LQIHUHQFH DSSUR[LPDWLRQV
DUH FRXSOHG /HDUQLQJ YLD WKH H[DFW PDUJLQDO OLNHOLKRRG RI WKH DSSUR[LPDWH PRGHO DOVR PHDQV WKDW WKH
K\SHUSDUDPHWHUV ZLOO EH RSWLPDO IRU WKH DSSUR[LPDWH PRGHO DQG QRW QHFHVVDULO\ WKH IXOO *3
)LJXUH  DQG )LJ  SUHVHQW XQLYDULDWH QXPHULFDO H[DPSOHV ZKHUH WKH VLPXODWRU RXWSXW LV D VDPSOH
IURP *3 SURFHVV D UDQGRP VHHG LQWHJHU RI 5 LV XVHG LQ 0$7/$% ZLWK ]HUR PHDQ DQG D VTXDUHG
H[SRQHQWLDO FRYDULDQFH σ2f = 1 DQG ψ = 8 7KH H[DPSOHV GHPRQVWUDWH WKH GLIIHUHQFH LQ WKH WZRDSSURDFKHV ZKHQ WKH K\SHUSDUDPHWHUV θ DQG LQGXFLQJ LQSXWV Z DUH OHDUQW WKURXJK RSWLPLVLQJ WKH ORJ
PDUJLQDO OLNHOLKRRG ORJ p (y |X) (TQ  7KHVH LOOXVWUDWH D FRPSDULVRQ RI WKH WZR VSDUVH *3PHWKRGV
'7& DQG ),7& ZLWK D IXOO *3 VROXWLRQ DQG WKH WUDLQLQJ GDWD ZKHUH WKH PHDQ DQG ±3σ FRQILGHQFH
LQWHUYDOV DUH GLVSOD\HG IRU WKH IXOO DQG VSDUVH *3V LQGLFDWHG E\ WKH VKDGHG UHJLRQV ,W LV VKRZQ WKDW
),7& JLYHV D EHWWHU DSSUR[LPDWLRQ RI WKH YDULDQFH WKDQ '7& WKDW WHQGV WR RYHUHVWLPDWH GXH WR WKH
GHWHUPLQLVWLF DVVXPSWLRQ 6LJQV RI RYHUILWWLQJ DUH SUHVHQW LQ ERWK PHWKRGV ,Q )LJ  WKH YDULDQFH
IRU '7& ZKHQ X ≈ 0.9 UHGXFHV DOPRVW WR ]HUR GLVSOD\LQJ RYHUFRQILGHQFH LQ WKH SUHGLFWLRQ ZKHQ LW
ZRXOG EH H[SHFWHG WR LQFUHDVH IURP WKH ODVW WUDLQLQJ SRLQW DV VKRZQ LQ WKH IXOO *3 VROXWLRQ 7KH ),7&
DSSURDFK LQ )LJ  YLVXDOO\ ILWV WKH PLGGOH VHFWLRQ RI WUDLQLQJ GDWD ZHOO KRZHYHU WKH YDULDQFH VWDUWV WR
LQFUHDVH EHIRUH WKH HQGV RI WKH WUDLQLQJ GDWD 7KLV LQGLFDWHV WKDW WKH LQGXFLQJ SRLQWV KDYH EHHQ SODFHG
LQ ORFDWLRQV WKDW RYHUILW WKH PLGGOH VHFWLRQ RI WKH WUDLQLQJ GDWD OHDGLQJ WR SRRU JHQHUDOLVDWLRQ DW WKH
HGJHV RI WKH WUDLQLQJ GDWD VHW
3RVWHULRU $SSUR[LPDWLRQ $SSURDFKHV$Q DOWHUQDWLYH DSSURDFK WR PRGHO DSSUR[LPDWLRQV LV WR DSSO\
VSDUVLW\ DW WKH LQIHUHQFH VWDJH WKLV PHDQV DSSUR[LPDWLQJ WKH SRVWHULRU DQG PDUJLQDO OLNHOLKRRG +HUH
WZR DSSURDFKHV DUH FRQVLGHU YDULDWLRQ IUHH HQHUJ\ 9)( >@ DQG SRZHU H[SHFWDWLRQ SURSDJDWLRQ
3(3 ZKHUH 3(3 KDV EHHQ VKRZQ WR EH D IUDPHZRUN XQLI\LQJ ERWK 9)( DQG ),7& >@
9)( DLPV WR DSSUR[LPDWH WKH WUXH SRVWHULRU E\ FRQVWUXFWLQJ D YDULDWLRQDO DSSUR[LPDWLRQ PD[LPLV
LQJ WKH HYLGHQFH ORZHU ERXQG ZKLFK LV D ORZHU ERXQG RI WKH ORJ PDUJLQDO OLNHOLKRRG ORJ p (y |X)
9)( LV D VSHFLILF IRUP RI YDULDWLRQDO LQIHUHQFH ZKLFK FDQ DOVR EH IRUPXODWHG LQ D PRUH JHQHUDO VHQVH
ZLWK D XQFROODSVHG IRUP RI WKH ERXQG >@ 9)( LQFRUSRUDWHV WKH LQGXFLQJ LQSXWV DV SDUDPHWHUV RI WKH
YDULDWLRQDO LQIHUHQFH UHPRYLQJ SUREOHPV DVVRFLDWHG ZLWK WUHDWLQJ WKHP DV PRGHO SDUDPHWHUV $ YDULD
WLRQDO SRVWHULRU LV SURSRVHG DXJPHQWHG E\ WKH LQGXFLQJ YDULDEOHV ZKHUH q (f ,u) = p (f ,u)φ(u) DQG
φ(u) LV GHILQHG DV D µIUHH¶ *DXVVLDQ GLVWULEXWLRQ ZLWK u GHSHQGLQJ RQ WKH µIUHH¶ LQSXWV Z 7KH LQGXF
LQJ LQSXWV Z DQG WKH µIUHH¶ GLVWULEXWLRQ φ(u) FDQ EH VSHFLILHG E\ PLQLPLVLQJ WKH GLVWDQFH EHWZHHQ WKH
YDULDWLRQDO GLVWULEXWLRQ DQG WKH DXJPHQWHG WUXH SRVWHULRU GLVWULEXWLRQ p (f ,u |y) XVLQJ WKH .XOOEDFN±
/HLEOHU ./ GLYHUJHQFH KL(q (f ,u)||p (f ,u |y)) $V VWDWHG WKLV LV HTXLYDOHQW WR PD[LPLVLQJ WKH
ORZHU ERXQG RI WKH WUXH ORJ PDUJLQDO OLNHOLKRRG DV GHILQHG DV LQ (TQ 
$SSOLHG0HFKDQLFVDQG0DWHULDOV9RO 
)LJ  3UHGLFWLRQV IURP D VSDUVH ),7& *3 ZLWK  LQGXFLQJ SRLQWV DJDLQVW D IXOO *3 DQG WUDLQLQJ
VLPXODWRU GDWD IRU D QXPHULFDO H[DPSOH 6KDGHG UHJLRQV LQGLFDWH ±3σ FRQILGHQFH OHYHOV
Fv(Z, φ) =
∫
p (f |u)φ(u) ORJ p (y |f)
p (f |u)p (u)



p (f |u)φ(u)
dfdu 
7KH RSWLPDO FKRLFH IRU WKH µIUHH¶ GLVWULEXWLRQ φ(u) FDQ EH IRXQG DQDO\WLFDOO\ E\ XVLQJ YDULDWLRQDO
FDOFXOXV UHVXOWLQJ LQ WKH (TQ  >@
Fv(Z) = −
1
2
ORJ |Qf,f + νI| − 1
2
yT (Qf,f + νI)
−1y −
N
2
ORJ 2pi − 1
2ν
7UDFH(Kf,f −Qf,f ) 
(TXDWLRQ  LV HTXLYDOHQW WR WKDW RI '7& ZLWK WKH LQFOXVLRQ RI D WUDFH UHJXODULVDWLRQ WHUP 7KLV
PHDQV WKDW WKH REMHFWLYH IXQFWLRQ LQ WKH RSWLPLVDWLRQ LV D WUXH ORZHU ERXQG RI WKH PDUJLQDO OLNHOLKRRG
)ROORZLQJ WKH DQDO\VLV WKURXJK ZLWK WKH RSWLPDO µIUHH¶ GLVWULEXWLRQ WKH DSSUR[LPDWH SRVWHULRU LV IRUPHG
DV GHILQHG LQ (TQ 
q (f ∗ |y,θ) = N
(
Q∗,fK˜
−1
f,fy, K∗,∗ −Q∗,fK˜
−1
f,fQf,∗
)

:KHUH K˜f,f = Qf,f + νI  7KH DSSUR[LPDWH SRVWHULRU LV LGHQWLFDO WR WKDW RI '7& DQG WKHUHIRUH
9)( FDQ EH WKRXJKW RI DV '7& EXW SHQDOLVHG E\ D WHUP SURSRUWLRQDO WR WKH VXPPHG YDULDQFHV 7KLV
WHUP SURWHFWV DJDLQVW RYHUILWWLQJ DQG IRUFHV WKH LQGXFLQJ LQSXWV WR EHWWHU H[SODLQ DOO WKH GDWD LPSURYLQJ
WKHLU RSWLPLVHG ORFDWLRQV 7KH DSSURDFK UHPDLQV QRQSDUDPHWULF DQG EHFDXVH WKH LQGXFLQJ SRLQWV EH
FRPH YDULDWLRQDO SDUDPHWHUV DQ\ DGGLWLRQDO LQGXFLQJ SRLQWV ZLOO DOZD\V LQFUHDVH WKH SUHGLFWLRQ TXDOLW\
ZKLFK FDQQRW EH FODLPHG IRU PRGHO DSSUR[LPDWLRQ PHWKRGV
 8QFHUWDLQW\LQ0HFKDQLFDO(QJLQHHULQJ,,,
$Q DGGLWLRQDO DSSURDFK WR DSSUR[LPDWLQJ WKH SRVWHULRU LV WR XVH D 3(3 IUDPHZRUN >@ 7KHPHWKRG
VHHNV WR DSSUR[LPDWH WKH MRLQWGLVWULEXWLRQ LQ WKH IRUP RI (TQ 
p (f ∗,y |θ) = p (f ∗ |y,θ)p (y |θ) ≈ p (f ∗ |θ)
∏
n
tn(u) = q
un (f ∗ |θ) 
:KHUH (·)un LQGLFDWHV DQ XQQRUPDOLVHG SURFHVV (TQ  VKRZV WKDW RQO\ WKH OLNHOLKRRG WHUP LQ WKH
H[DFW SRVWHULRU LV DSSUR[LPDWHG DQG E\ D IDFWRU tn(u) DVVXPHG WR EH *DXVVLDQ 3(3 WKHQ LWHUDWLYHO\
PRGLILHV WKH IDFWRUV LQ RUGHU WR FDSWXUH WKH EHKDYLRXU WKH WUXH OLNHOLKRRG LPSRVHV RQ WKH SRVWHULRU LH
WKH EHVW VXUURJDWH OLNHOLKRRG WKDW DSSUR[LPDWHV WKH SRVWHULRU 7KH 3(3 DOJRULWKP LQYROYHV WKUHH VWHSV
LQ ZKLFK D IUDFWLRQ α RI WKH DSSUR[LPDWH OLNHOLKRRG IXQFWLRQ LV LQFRUSRUDWHG LWHUDWLYHO\ IRU HDFK IDFWRU
WKDW QHHGV WR EH DSSUR[LPDWHG
 'HOHWLRQ D IUDFWLRQ RI RQH DSSUR[LPDWH IDFWRU LV UHPRYHG LQ RUGHU WR HYDOXDWHG WKH FDYLW\
GLVWULEXWLRQ WKLV LV DQ DSSUR[LPDWH OHDYHRQH RXW MRLQW ZKHUH \n LQGLFDWHV OHDYHRQH RXW
qun\n (f ∗,θ) ∝ q
un(f ∗,θ)/t
α
n(u)
 3URMHFWLRQ D WLOWHG GLVWULEXWLRQ LV SURMHFWHG RQWR WKH SRVWHULRU GLVWULEXWLRQ XVLQJ WKH
DOSKDGLYHUJHQFH IRU XQQRUPDOLVHG GHQVLWLHV qun\n (f ∗,θ) ← DUJPLQDα(p˜(f ∗)||qun\n (f ∗,θ))7KH WLWOHG GLVWULEXWLRQ LV IRUPXODWHG E\ XVLQJ WKH VDPH IUDFWLRQ RI WKH WUXH OLNHOLKRRG DV XVHG
LQ FUHDWLQJ WKH FDYLW\ GLVWULEXWLRQ p˜(f ∗) = qun\n (f ∗,θ)pα(yn|fn)
 8SGDWH $Q XSGDWHG IDFWRU LV FDOFXODWHG E\ WKH LQFOXVLRQ RI D QHZ IUDFWLRQ RI WKH DSSUR[LPDWH
IDFWRU tn(u) = t1−αn,old(u)tαn,new(u) ZKHUH tαn,new(u) = qun(f ∗,θ)/qun\n (f ∗,θ)
$V WKH *3 PRGHO GHILQHG LQ WKLV SDSHU KDV D *DXVVLDQ OLNHOLKRRG WKH 3(3 DSSURDFK KDV D FORVHG
IRUP VROXWLRQ 7KLV LV EHFDXVH WKH DSSUR[LPDWH IDFWRUV FDQ EH GHILQHG DW FRQYHUJHQFH DV VWDEOH IL[HG
SRLQWV DQG WKH XSGDWH VWHS UHPDLQV WKH VDPH 7KLV UHVXOWV LQ WKH DSSUR[LPDWH ORJ PDUJLQDO OLNHOLKRRG
ORJZPEP DQG SRVWHULRU q (f ∗ |y,θ) GHILQHG LQ (TQ  DQG (TQ  ZKHUH WKH SRVWHULRU LV HTXLYDOHQW WRWKH DSSUR[LPDWH PRGHO DSSURDFK IRU EUHYLW\ RI WKLV SDSHU VHH %XL HW DO >@ IRU FRPSOHWH GHULYDWLRQV
ORJZPEP = −1
2
ORJ |K¯f,f | − 1
2
yT K¯−1f,fy −
N
2
ORJ 2pi − 1− α
2α
∑
n
ORJ(1 + αDfn,fn/νI) 
:KHUHDf,f = Kf,f −Qf,f  ,QWHUHVWLQJ UHVXOWV RFFXU ZKHQ α = 1 DQG DV α→ 0 WKH 3(3 SRVWHULRU
DQG ORJ PDUJLQDO OLNHOLKRRG EHFRPH HTXLYDOHQW WR WKH ),7& DQG 9)( DSSURDFK UHVSHFWLYHO\ 7KLV
XQLI\LQJ YLHZ LV KHOSIXO LQ XQGHUVWDQGLQJ WKH HIIHFWV RI WKH SDUDPHWHU α :KHQ α < 1 WKH ODVW WHUP
RI WKH 3(3 ORJ PDUJLQDO OLNHOLKRRG 1−α
2α
∑
n ORJ(1 + αDfn,fn/νI) ZLOO DFW DV D UHJXODULVLQJ WHUP DQGPDNLQJ VXUH WKDW WKH PRGHO JHQHUDOLVHV ZHOO WR QHZ RXWSXWV WKH H[WUHPH RI WKH SHQDOW\ WHUP EHLQJ
WKH 9)( WUDFH WHUP %DXHU HW DO SURGXFHG DQ RYHUYLHZ RI WKH GLIIHUHQFHV EHWZHHQ WKH ),7& DQG 9)(
DSSURDFKHV >@ 7KH\ VWDWH WKDW ),7& KDV VHYHUDO QHJDWLYH GUDZEDFNV LW FDQ RYHUHVWLPDWH WKHPDUJLQDO
OLNHOLKRRG XQGHUHVWLPDWH WKH QRLVHQXJJHW LV QRW JXDUDQWHHG WR LPSURYH ZKHQ PRUH LQGXFLQJ SRLQWV
DUH DGGHG DQG GRHV QRW UHFRYHU WKH WUXH SRVWHULRU 9)( LQ FRQWUDVW FDQ RYHUHVWLPDWH WKH QRLVHQXJJHW
GRHV LPSURYH ZLWK PRUH LQGXFLQJ SRLQWV DQG ZLOO UHFRYHU WKH WUXH SRVWHULRU ZKHUH SRVVLEOH ZKLOVW
SURYLGLQJ D WUXH ORZHU ERXQG RI WKH PDUJLQDO OLNHOLKRRG :KHQ HPSOR\LQJ D SRVWHULRU DSSUR[LPDWLRQ
DSSURDFK WKH QXJJHW WHUP ZLOO QHHG WR EH LQIHUUHG DV D K\SHUSDUDPHWHU UDWKHU WKDQ D IL[HG WHUP
7KLV LV EHFDXVH WKH QXJJHW QRZ LQFOXGHV D PHDVXUH RI WKH XQFHUWDLQW\ LQWURGXFHG E\ XVLQJ D ORZ UDQN
DSSUR[LPDWLRQ ZKHQ SHUIRUPLQJ LQIHUHQFH ,W LV QRWHG WKDW ERWK 9)( DQG 3(3 DSSUR[LPDWLRQV UHVXOWV
LQ D FRPSXWDWLRQDO FRPSOH[LW\ RI O(NM2) IRU WUDLQLQJ ZLWK O(M) DQG O(M2) IRU WKH PHDQ DQG
YDULDQFH SUHGLFWLRQV > @
p∗\n(f∗,θ) = p (f∗,y |θ)/p (yn | fn,θ) ≈ qun\n (f∗,θ) = qun(f∗)/tn(u)
$SSOLHG0HFKDQLFVDQG0DWHULDOV9RO 
)LJ  3UHGLFWLRQV IURP SRVWHULRU DSSUR[LPDWLRQ DQG ),7& VSDUVH *3V ZLWK  LQGXFLQJ SRLQWV
DJDLQVW D IXOO *3 DQG WUDLQLQJ VLPXODWRU GDWD IRU D QXPHULFDO H[DPSOH 6KDGHG UHJLRQV LQGLFDWH ±3σ
FRQILGHQFH OHYHOV 7RS OHIW SDQHO 9)( α = 0 WRS ULJKW SDQHO ),7& α = 1 PLGGOH OHIW SDQHO 3(3
α = 0.25 PLGGOH ULJKW SDQHO 3(3 α = 0.5 DQG ERWWRP SDQHO 3(3 α = 0.75
 8QFHUWDLQW\LQ0HFKDQLFDO(QJLQHHULQJ,,,
)LJ  7KH HIIHFW RI WKH QXPEHU RI LQGXFLQJ LQSXWVM DQG α RQ WKH SHUIRUPDQFH RI WKH 3(3 IRUPXOD
WLRQ RI VSDUVH *3V DYHUDJHG RYHU  UHSHDWV IRU WKH QHJDWLYH ORJ PDUJLQDO OLNHOLKRRG 1/0/ OHIW DQG
WKH QRUPDOLVHG PHDQ VTXDUHG HUURU 106( ULJKW 6KDGHG UHJLRQV LQGLFDWH ±σ FRQILGHQFH LQWHUYDOV
)LJXUH  DQG )LJ  GHPRQVWUDWH WKH HIIHFW RI DGGLWLRQDO LQGXFLQJ SRLQWV DQG WKH α SDUDPHWHU IRU
D GLIIHUHQW RQHGLPHQVLRQDO QXPHULFDO H[DPSOH +HUH WKH VLPXODWRU RXWSXW LV D VDPSOH IURP D *3
UDQGRP VHHG LQWHJHU RI 5 LV XVHG LQ 0$7/$% ZLWK ]HUR PHDQ DQG D VTXDUHG H[SRQHQWLDO FRYDULDQFH
IXQFWLRQ σ2f = 1 ψ = 30 6SDUVH *3V PRGHOV ZHUH FUHDWHG ZLWK α = 0 0.25 0.5 0.75 1 DQG DUHFRPSDUHG WR WKH IXOO *3 VROXWLRQ DQG WUDLQLQJ GDWD LQ )LJ  ZKHUH PHDQ DQG±3σ FRQILGHQFH LQWHUYDOV
DUH SUHVHQWHG $ VWRFKDVWLF RSWLPLVDWLRQ PHWKRG ZDV XWLOLVHG IRU LQIHUULQJ WKH K\SHUSDUDPHWHUV ZLWK
 UHSHDWV WR TXDQWLI\ WKH YDULDQFH LQ WKH LQIHUHQFH SUHVHQWHG LQ )LJ  DV ±σ FRQILGHQFH LQWHUYDOV ,W
LV GHPRQVWUDWHG WKDW WKH QHJDWLYH ORJ PDUJLQDO OLNHOLKRRGV 1/0/ − ORJ p (y |X)) ≈ −Fv(Z) ≈
− ORJZPEP  UHGXFH DV PRUH LQGXFLQJ SRLQWV DUH DGGHG VWDWLQJ WKDW WKH PRGHO EHWWHU H[SODLQV WKH
GDWD JLYHQ PRUH LQGXFLQJ LQSXWV 7KH 1/0/ DOVR LQFUHDVHV ZLWK α LQ FRQWUDVW WKH QRUPDOLVHG PHDQ
VTXDUHG HUURU 106( (TQ  LV KLJK ZLWK ODUJHU YDULDQFH IRU ),7& D FOHDU LQGLFDWLRQ WKDW WKH
PHWKRG KDV H[SHULHQFHG RYHUILWWLQJ ,W LV QRWHG WKDW WKHUH LV VLJQLILFDQW RYHUODS LQ 106( UHVXOWV IRU
9)( DQG 3(3 ZKHQ α = 0.25 0.5 LQGLFDWLQJ WKHLU SUHGLFWLRQV DUH YHU\ VLPLODU
NMSE =
100
Nσ2y
∑
(f ∗ − y)
2 
:KHUH f ∗ LV WKH PHDQ SUHGLFWLRQ RI WKH *3 HPXODWRU y DQG σ2y DUH D VHW RI WUXH VLPXODWRU RXWSXWVDQG WKHLU YDULDQFH UHVSHFWLYHO\ 7KH 106( IRUPXODWLRQ PHDQV WKDW D VFRUH RI ]HUR LQGLFDWHV D PHDQ
SUHGLFWLRQ ZLWKRXW HUURU DQG D VFRUH RI  IRU VFHQDULRV ZKHUH WKH SUHGLFWLRQ LV QR EHWWHU WKDQ WDNLQJ
WKH PHDQ RI WKH WUXH YDOXHV
7KH 3(3 DSSURDFK ZKHQ α = 0.25 0.5 SURYLGHV EHWWHU SUHGLFWLRQV RI WKH GDWD ZKHQ FRPSDUHG
WR ),7& DQG 3(3 DW α = 0.75 GHPRQVWUDWHG E\ ORZ 1/0/V WKDW FRUUHVSRQG WR ORZ 106(V ),7&
DQG 3(3 ZKHQ α = 0.75 DOWKRXJK VKRZLQJ ORZ 1/0/V KDYH KLJK 106(V ZLWK ODUJH YDULDQFH
HVSHFLDOO\ ZKHQ WKH QXPEHU RI LQGXFLQJ SRLQWV LV ORZ ZKLFK LV D FOHDU VLJQ RI RYHUILWWLQJ 9)( WHQGV
WR KDYH KLJK 1/0/ ZLWK FRPSDUDEOH 106( WR 3(3 ZKHQ α = 0.25 0.5 )LJXUH  GHPRQVWUDWHV WKDW
WKH YDULDQFH RI WKH 9)( SUHGLFWLRQ LV ODUJHU WKDQ WKH IXOO *3 VROXWLRQ ZLWK WKH YDULDQFH RI ERWK WKH
3(3 IRUPXODWLRQV ZKHQ α = 0.25 0.5 YLVXDOO\ PDWFKLQJ WKH IXOO *3 PRUH FORVHO\ )RU WKHVH UHDVRQV
LW FDQ EH DUJXHG WKDW 3(3 ZKHQ α = 0.25 0.5 SUHIRUPV EHWWHU LQ WKHVH H[DPSOHV $ FORVH LQVSHFWLRQ
RI WKH 106( LQ )LJ  IRU 3(3 ZKHQ α = 0.5 GHPRQVWUDWHV ORZHU YDOXHV WKDQ DQ\ RI WKH SRVWHULRU
DSSUR[LPDWLRQ PHWKRGV 7KLV OHDGV WR WKH FRQFOXVLRQ WKDW 3(3 ZLWK DQ α = 0.5 RXWSHUIRUPV RWKHU α
$SSOLHG0HFKDQLFVDQG0DWHULDOV9RO 
YDOXHV ),7& DQG 9)( LQFOXGHG ZKLFK LV FRQVLVWHQW ZLWK WKH ILQGLQJV RI %XL HW DO >@ 7KH TXHVWLRQ
VWLOO DULVHV RI KRZ WR FKRRVH WKH α SDUDPHWHU 2SWLPLVDWLRQ LV QRW DGYLVHG DV D YDOXH RI  ZLOO OHDG WR
RYHUILWWLQJ GXH WR WKH ),7& DSSUR[LPDWLRQ ,W LV WKH H[SHULHQFH RI WKH DXWKRUV WKDW D YDOXH RI 0.5 VKRXOG
JLYH VDWLVIDFWRU\ SHUIRUPDQFH LQNHHSLQJ ZLWK WKH ILQGLQJ RI %XL HW DO >@
&RQVLGHUDWLRQV IRU 6SDUVH *3 (PXODWRUV 7KHUH DUH WZR PDLQ UHDVRQV ZK\ D VSDUVH *3 DSSUR[
LPDWLRQ FDQ EH XVHIXO LQ FUHDWLQJ DQ HPXODWRU )LUVWO\ ZKHQ D UHODWLYHO\ ODUJH QXPEHU RI VLPXODWRU
UXQV DUH DYDLODEOH D VSDUVH DSSUR[LPDWLRQ FDQ PDNH LQIHUHQFH SUDFWLFDO 7KLV LV DFKLHYHG E\ UHGXFLQJ
WKH FRPSXWDWLRQDO WLPH FRPSOH[LW\ WR O(NM2) SHU VLPXODWRU REVHUYDWLRQ DQG UHGXFLQJ WKH PHPRU\
UHTXLUHPHQW 6HFRQGO\ ZKHQ SUHGLFWLRQV DUH UHTXLUHG DW D ODUJH QXPEHU RI WHVW LQSXWV D PRGHUDWH FRP
SXWDWLRQDO VDYLQJ LV PDGH O(M) DQG O(M2) SHU WHVW SRLQW $SSOLFDWLRQV RI ZKHQ WKHVH UHDVRQV PD\
EH DSSOLFDEOH LV SUHVHQWHG LQ WKLV VHFWLRQ
,Q WKH DXWKRUV RSLQLRQ LW LV QRW FRPPRQSODFH WKDW WKH VLPXODWRU LV UXQ DW D ODUJH QXPEHU RI SDUDP
HWHU FRPELQDWLRQV 7KLV SUREOHP PDLQO\ DULVHV LQ D KLJK GLPHQVLRQDO SDUDPHWHU VSDFH ZKHUH PRVW RI
WKH SDUDPHWHUV DFWLYHO\ DQG VLJQLILFDQWO\ HIIHFW WKH RXWSXW +HUH HYHQ D VSDFHILOOHG GHVLJQ ZLOO UHVXOW
LQ D ODUJH QXPEHU RI VLPXODWRU UXQV DQG D VSDUVH *3 DSSUR[LPDWLRQ LV DSSOLFDEOH 6SDUVH *3V DUH PRUH
XVHIXO LQ D %D\HVLDQ RSWLPLVDWLRQ > @ RU %D\HVLDQ KLVWRU\ PDWFKLQJ VHWWLQJ > @ %RWK PHWKRGV
RIWHQ UHTXLUH SUHGLFWLRQV IURP WKH HPXODWRU IRU D ODUJH QXPEHU RI SDUDPHWHU FRPELQDWLRQV LQ RUGHU WR
DFFXUDWHO\ DVVHVV WKH RXWSXW VSDFH IRU RSWLPDO VROXWLRQV 7KH PRGHUDWH FRPSXWDWLRQDO VDYLQJ LQ WKH
SUHGLFWLRQ SHU WHVW SRLQW PHDQV WKDW D EHWWHU H[SORUDWLRQ RI WKH VSDFH FDQ EH SHUIRUPHG 7KLV EHFRPHV
PRUH LPSRUWDQW LQ D VHTXHQWLDO GHVLJQ SURFHVV IRU DGGLQJ DGGLWLRQDO VLPXODWRU UXQV WR WKH RSWLPLVDWLRQ
DV XVHG LQ DQ HQWURS\ VHDUFK RU LQIRUPDWLRQ JDLQ DSSURDFK >@ 7KHVH PHWKRGV RIWHQ SUHGLFW EDVHG RQ D
VHW JULG VL]H IRU WKH SDUDPHWHU VSDFH UHGXFLQJ WKH FRPSXWDWLRQDO ORDG IRU SUHGLFWLRQ PHDQV D ILQHU JULG
FDQ EH VHW 'XH WR WKH DSSUR[LPDWH QDWXUH RI VSDUVH *3V WKHLU XVH LV QRW DOZD\V QHHGHG RU IDYRXUDEOH
IRU FUHDWLQJ HPXODWRUV 7KH DSSUR[LPDWLRQ LQWURGXFHV D QXJJHW WHUP WKDW FDQQRW EH IL[HG DV LW LV D FRX
SOLQJ EHWZHHQ D QRLVH SDUDPHWHU IRU WKH GDWD DQG DQ HVWLPDWLRQ RI WKH HUURU LQWURGXFHG E\ D ORZ UDQN
DSSUR[LPDWLRQ 7KLV PHDQV WKDW GHWHUPLQLVWLF SUHGLFWLRQV DW NQRZ VLPXODWRU RXWSXWV DUH QRW SRVVLEOH
DV LV WKH FDVH ZLWK WKH IXOO *3 HPXODWRU 7KLV KDV WR EH FRQVLGHUHG ZKHQ WKH FRGH XQFHUWDLQW\ DIIHFWV
WKH UHVXOWV RI DGGLWLRQDO SURFHVVHV DV LV WKH FDVH ZLWK %D\HVLDQ RSWLPLVDWLRQ DQG %D\HVLDQ KLVWRU\
PDWFKLQJ
'XIILQJ 2VFLOODWRU &DVH 6WXG\
$ FDVH VWXG\ LV SUHVHQWHG VKRZLQJ HPXODWLRQ RI D GHVLJQ SDUDPHWHU VSDFH IRU D GXIILQJ RVFLOODWRU ²
GHILQHG LQ (TQ  ² DV PRWLYDWLRQ IRU WKH XVH RI VSDUVH *3V DV HPXODWRUV ZLWKLQ DQ HDUO\ GHVLJQ
FRQWH[W 7KH REMHFWLYH RI WKLV FDVH VWXG\ LV WR GHPRQVWUDWH WKH DELOLW\ RI D VSDUVH *3 XVLQJ WKH 3(3
IRUPXODWLRQ ZLWK α = 0.5 GXH WR WKH UHDVRQLQJ IURP WKH SUHYLRXV VHFWLRQ WR HPXODWRU D ODUJH GHVLJQ
VSDFH EDVHG 6SHFLILFLW\ WKH DLP LV WR HPXODWH D 5× 5 SDUDPHWHU JULG RI VWLIIQHVV k DQG FXELF VWLIIQHVV
k3 WHUPV WKDW UHODWH WR D 512 SRLQW GLVSODFHPHQW WLPH KLVWRU\ y ² WKH WRWDO VSDFH EHLQJ 12800 SRLQWV
,Q RUGHU WR SUHGLFW DFURVV WKLV GHVLJQ SDUDPHWHU VSDFH DQ HPXODWRU LV WUDLQHG RQ D ILYH VLPXODWRU HYDOX
DWLRQV IURP D JHQHUDOLVHG /DWLQ K\SHUFXEH GHVLJQ ZKHUH IRU HDFK HYDOXDWLRQ D 512 SRLQW GLVSODFHPHQW
KLVWRU\ LV JHQHUDWHG
F = my¨ + cy˙ + ky + k3y
3 
7KH GXIILQJ RVFLOODWRU LQ WKLV FDVH VWXG\ KDV D PDVV RI m = 25NJ DQG D GDPSLQJ UDWLR RI ζ =
0.8 ZLWK ZKLFK WKH GDPSLQJ FRHIILFLHQW c LV FDOFXODWHG 7KH IRUFLQJ F LV D 512 SRLQW UDQGRPSKDVH
PXOWLVLQH LQSXW >@ GLVSOD\HG LQ )LJ  7KH JULG RI VWLIIQHVV DQG FXELF VWLIIQHVV FRHIILFLHQWV XVHG WR
WHVW WKH SHUIRUPDQFH RI WKH HPXODWRU DUH k = {600, 650, . . . , 800}1P DQG k3 = {4 × 105, 5.25 ×
105, . . . , 9× 105}1P
7KH VSDUVH *3 HPXODWRU SUHGLFWLRQV ZKHQ WUDLQHG XVLQJ 250 LQGXFLQJ SRLQWV RQ WKH 5 SRLQW /DWLQ
K\SHUFXEH GHVLJQ SURGXFHG SUHGLFWLRQV DFURVV WKH GHVLJQ SDUDPHWHU JULG ZLWK D 106( RI  VKRZ
 8QFHUWDLQW\LQ0HFKDQLFDO(QJLQHHULQJ,,,
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)LJ  5DQGRPSKDVH PXOWLVLQH IRUFH LQSXW IRU WKH GXIILQJ RVFLOODWRU
LQJ DQ YHU\ JRRG ILW WR WKH GDWD 'XH WR WKH ODUJH VSDFH EHLQJ SUHGLFWHG D ]RRPHG LQ H[DPSOH RI WKH
SUHGLFWLRQ LV SUHVHQWHG LQ )LJ  7KH UHVXOWV VKRZ WKDW VSDUVH *3V FDQ EH XVHG WR FDSWXUH ODUJH GHVLJQ
SDUDPHWHU VSDFHV DQG WKHUHIRUH FRXOG EH LPSOHPHQWHG LQVLGH DQ XQFHUWDLQW\ TXDQWLILFDWLRQ RU GHVLJQ
RSWLPLVDWLRQ WHFKQLTXH 7KH H[DPSOH DOVR VKRZV WKDW WKH FRGH XQFHUWDLQW\ SUHGLFWHG E\ WKH HPXOD
WRU UHIOHFWV ERWK WKH VSDUVH DVVXPSWLRQ DQG WKH VL]H RI WKH WUDLQLQJ VHW ,Q DQ RSWLPLVDWLRQ FRQWH[W LI
LQFRUSRUDWHG WKLV XQFHUWDLQW\ ZRXOG HQVXUH WKDW SDUDPHWHU VSDFH LV QRW H[FOXGHG GXH WR SRRU HPXODWLRQ
)LJ  $ ]RRPHG LQ VHFWLRQ RI WKH VSDUVH *3 HPXODWRU 3(3 ZLWK α = 0.5 DQG 250 LQGXFLQJ SRLQWV
IRU WKH GXIILQJ RVFLOODWRU GLVSODFHPHQW RXWSXW DFURVV WKH 5×5 GHVLJQ SDUDPHWHU JULG RI VWLIIQHVV k DQG
FXELF VWLIIQHVV k3 YDOXHV
$SSOLHG0HFKDQLFVDQG0DWHULDOV9RO 
&RQFOXVLRQV DQG )XUWKHU :RUN
*3 HPXODWRUV DUH SRZHUIXO WRROV IRU H[SORULQJ RXWSXWV IURP DQ H[SHQVLYH VLPXODWRU 7KH DSSURDFK
FDQ EH HVSHFLDOO\ XVHIXO LQ D %D\HVLDQ RSWLPLVDWLRQ RU %D\HVLDQ KLVWRU\ PDWFKLQJ VHWWLQJV +HUH FRGH
XQFHUWDLQW\ FDQ EH LQIRUPDWLYH DV WR ZKHUH WR VHTXHQWLDOO\ DGG WKH QH[W VLPXODWRU UXQV 7KH SUREOHP
ZLWK *3 PRGHOV DUH WKDW WKH\ DUH RUGHU O(N3) WR WUDLQ DQG DUH RUGHU O(N) DQG O(N2) IRU PHDQ DQG
YDULDQFH SUHGLFWLRQV SHU WHVW SRLQW ,Q VHWWLQJV ZKHUH WKH VLPXODWRU LV YHU\ H[SHQVLYH DQG WKH GHVLJQ
VSDFH LV VPDOO D IXOO *3 VROXWLRQ LV SUDFWLFDO +RZHYHU VRPH DSSOLFDWLRQV UHTXLUH D ODUJH QXPEHU RI
VLPXODWRU UXQV LI WKH SDUDPHWHU VSDFH LV KLJK GLPHQVLRQDO DQG QHFHVVLWDWHV D FRPELQDWRULDO DSSURDFK WR
VHOHFWLQJ LQSXWV WR XQGHUVWDQG WKH VLPXODWRU RXWSXW ,Q WKLV VFHQDULR VSDUVH *3 PRGHOV DUH DSSURSULDWH
DV WKH\ UHGXFH WKH FRPSXWDWLRQDO ORDG RI WUDLQLQJ WRO(NM2)ZKHUH D SUHGLFWLRQ LV RI WKH RUGHUO(M)
DQG O(M2) IRU WKH PHDQ DQG YDULDQFH UHVSHFWLYHO\ 6SDUVH *3V DUH DOVR XVHIXO ZKHQ D ODUJH QXPEHU
RI SUHGLFWLRQV DUH UHTXLUHG DV LV WKH FDVH LQ %D\HVLDQ RSWLPLVDWLRQ DQG %D\HVLDQ KLVWRU\ PDWFKLQJ
ZKHUH D PRGHUDWH FRPSXWDWLRQDO VDYLQJ FDQ EH PDGH
7KHUH DUH WZRPDLQ DSSURDFKHV WR VSDUVH *3V PRGHO RU SRVWHULRU DSSUR[LPDWLRQ DSSURDFKHV ,W KDV
EHHQ GHPRQVWUDWHG WKDW PRGHO DSSUR[LPDWLRQ PHWKRGV ZLOO UHVXOW LQ RYHUILWWLQJ GXH WR WKH LQGXFLQJ
SRLQWV EHLQJ SDUDPHWHUV RI D SDUDPHWULF PRGHO )RU WKLV UHDVRQ ERWK D '7& DQG ),7& DSSURDFK DUH
RIWHQ QRW DSSURSULDWH IRU VSDUVH *3 HPXODWRUV 2Q WKH RWKHU KDQG SRVWHULRU DSSUR[LPDWLRQV SURYLGH
D VROXWLRQ E\ WUHDWLQJ WKH LQGXFLQJ SRLQWV DV SDUW RI WKH LQIHUHQFH NHHSLQJ WKH PRGHO H[DFW DQG WKH
PHWKRG QRQSDUDPHWULF 7KH WZR PDLQ DSSURDFKHV WR SRVWHULRU DSSUR[LPDWLRQ PHWKRGV DUH 9)( DQG
3(3 ,W KDV EHHQ VKRZQ WKDW 9)( ZLOO RIWHQ VPRRWK WKURXJK WKH GDWD GXH WR WKH WUDFH SHQDOLVDWLRQ
WHUP UHVXOWLQJ LQ SUHGLFWLRQV WKDW RYHUHVWLPDWH WKH QRLVH 3(3 UHVROYHV WKHVH LVVXHV E\ UHGXFLQJ WKH
SHQDOW\ DQG JHQHUDOO\ RXWSHUIRUPLQJ 9)( HVSHFLDOO\ ZKHQ α = 0.5 7KHUHIRUH LW LV UHFRPPHQGHG
WKDW ZKHQ VSDUVH *3V DUH DSSURSULDWH D 3(3 DSSUR[LPDWLRQ VKRXOG EH XVHG IRU JHQHUDWLQJ HPXODWRUV
DV WKLV SURYLGHV VDWLVIDFWRU\ SHUIRUPDQFH
)XUWKHU UHVHDUFK VKRXOG EH FRQGXFWHG LQWR FUHDWLQJ ORFDO DSSUR[LPDWLRQV ZKLOVW UHWDLQLQJ D JOREDO
SUHGLFWLYH TXDOLW\ 7KLV FRXOG EH DFKLHYHG ZLWK D SDUWLDOO\ LQGHSHQGHQW WUDLQLQJ FRQGLWLRQDO 3,7&
DSSURDFK ZKHUH LQGXFLQJ SDUDPHWHUV DUH IL[HG DW NQRZQ WUDLQLQJ SRLQWV ZKHUH WKH VLPXODWRU RXWSXW LV
RI LQWHUHVW ² IRU H[DPSOH ZKHUH D PD[LPD RU PLQLPD LV ORFDWHG 7KLV ZRXOG SURYLGH EHQHILWV LQ XVLQJ
WKH FRPSXWDWLRQDO VDYLQJV RI D VSDUVH DSSURDFK ZLOO SURGXFLQJ IXOO *3 LQIHUHQFH DURXQG ORFDO UHJLRQV
RI LQWHUHVW
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>@ 3KLOLSS +HQQLJ DQG &KULVWLDQ - 6FKXOHU (QWURS\ 6HDUFK IRU ,QIRUPDWLRQ(IILFLHQW *OREDO 2SWL
PL]DWLRQ -RXUQDO RI 0DFKLQH /HDUQLQJ 5HVHDUFK 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 
 8QFHUWDLQW\LQ0HFKDQLFDO(QJLQHHULQJ,,,
>@ 3DXO *DUGQHU &KDUOHV /RUG DQG 5REHUW - %DUWKRUSH %D\HVLDQ +LVWRU\ 0DWFKLQJ IRU )RUZDUG
0RGHO'ULYHQ 6WUXFWXUDO +HDOWK 0RQLWRULQJ ,Q 3URFHHGLQJV RI ,0$& ;;;9, 
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PDWLRQV ,Q WK ,QWHUQDWLRQDO &RQIHUHQFH RQ $UWLILFLDO ,QWHOOLJHQFH DQG 6WDWLVWLFV 
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